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CLASSIC AL/QUANTUM=COMMUTATIVE/NONCOMMUTATIVE? 



VLADIMIR V. KISIL 



Abstract. In 1926, Dirac stated that quantum mechanics can be obtained 
from classical theory through a change in the only rule. In his view, classical 
mechanics is formulated through commutative quantities (c-numbers) while 
quantum mechanics requires noncommutative one (q- numbers). The rest of 
theory can be unchanged. In this paper we critically review Dirac's proposition. 

We provide a natural formulation of classical mechanics through noncom- 
mutative quantities with a non-zero Planck constant. This is done with the 
help of the nilpotent unit e such that e 2 = 0. Thus, the crucial role in quantum 
theory shall be attributed to the usage of complex numbers. 



... it was on a Sunday that the idea first occurred to me 
that ab — ba might correspond to a Poisson bracket. 
P.A.M. Dirac, 

There is a recent revival of interest in foundations of quantum mechanics, which 
is essentially motivated by engineering challenges at the nano-scale. There are 
strong indications that we need to revise the development of the quantum theory 
from its early days. 

In 1926, Dirac discussed the idea that quantum mechanics can be obtained from 
classical one through a change in the only rule, cf. [(>]: 

. . . there is one basic assumption of the classical theory which is 
false, and that if this assumption were removed and replaced by 
something more general, the whole of atomic theory would follow 
quite naturally. Until quite recently, however, one has had no idea 
of what this assumption could be. 

In Dirac's view, such a condition is provided by the Heisenberg commutation 
relation of coordinate and momentum variables [6, (1)]: 

(1) q r p r - p r q r = ih. 

Algebraically, this identity declares noncommutativity of q r and p r . Thus, Dirac 
stated [i i] that classical mechanics is formulated through commutative quantities ("c- 
numbers" in his terms) while quantum mechanics requires noncommutative quan- 
tities ("q- numbers") . The rest of theory may be unchanged if it does not contradict 
to the above algebraic rules. This was explicitly re-affirmed at the first sentence of 
the subsequent paper [5]: 

The new mechanics of the atom introduced by Heisenberg may be 
based on the assumption that the variables that describe a dynam- 
ical system do not obey the commutative law of multiplication, but 
satisfy instead certain quantum conditions. 

The same point of view is expressed in his later works [7, p. 26; 8, p. 6]. 
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Dirac's approach was largely approved, especially by researchers on the math- 
ematical side of the board. Moreover, the vague version "quantum is something 
noncommutative" of the original statement was lightly reverted to "everything non- 
commutative is quantum". For example, there is a fashion to label any noncommu- 
tative algebra as a "quantum space" [4] . 

Let us carefully review Dirac's idea about noncommutativity as the principal 
source of quantum theory. 

1. "Algebra" of Observables 

Dropping the commutativity hypothesis on observables, Dirac made [G] the fol- 
lowing (apparently flexible) assumption: 

All one knows about q-numbers is that if z\ and z^ are two q- 
numbers, or one q-number and one c-number, there exist the num- 
bers z\ + Z2, Z\Z%, z%Zx, which will in general be q-numbers but may 
be c-numbers. 

Mathematically, this (together with some natural identities) means that observables 
form an algebraic structure known as a ring. Furthermore, the linear superposition 
principle imposes a liner structure upon observables, thus their set becomes an 
algebra. Some mathematically-oriented texts, e.g. [9, § 1.2], directly speak about 
an "algebra of observables" which is not far from the above quote [6]. It is also 
deducible from two connected statements in Dirac's canonical textbook: 

(1) "the linear operators corresponds to the dynamical variables at that time" [7, 
§ 7, p. 26]. 

(2) "Linear operators can be added together" [7, § 7, p. 23]. 

However, the assumption that any two observables may be added cannot fit 
into a physical theory. To admit addition, observables need to have the same 
dimensionality. In the simplest example of the observables of coordinate q and 
momentum p, which units shall be assigned to the expression q + pi Meters or 
kilos x meters 7 wg ^ ^ e value 5 for v + q in the metric units, what is the result 

seconds ° r- i 7 

in the imperial ones? Since these questions cannot be answered, the above Dirac's 
assumption is not a part of any physical theory. 

Another common definition suffering from the same problem is used in many ex- 
cellent books written by distinguished mathematicians, see for example [12, § 1.1; 
24, § 2-2]. It declares that quantum observables are projection- valued Borel mea- 
sures on the dimensionless real line. Such a definition permit an instant construc- 
tion (through the functional calculus) of new observables, including algebraically 
formed [24, § 2-2, p. 63]: 

Because of Axiom III, expressions such as A 2 , A 3 + A, 1 — A, and 
e A all make sense whenever A is an observable. 
However, if A has a dimension (is not a scalar) then the expression A 3 + A cannot 
be assigned a dimension in a consistent manner. 

Of course, physical defects of the above (otherwise perfect) mathematical con- 
structions do not prevent physicists from making correct calculations, which are in 
a good agreement with experiments. We are not going to analyse methods which 
allow researchers to escape the indicated dangers. Instead, it will be more beneficial 
to outline alternative mathematical foundations of quantum theory, which do not 
have those shortcomings. 

2. NON-ESSENTIAL NONCOMMUTATIVITY 

While we can add two observables if they have the same dimension only, physics 
allows us to multiply any observables freely. Of course, the dimensionality of a 
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product is the product of dimensionalities, thus the commutator [A, B] = AB — BA 
is well defined for any two observables A and B. In particular, the commutator (1) 
is also well-defined, but what is about its importance? 

It is easy to argue that noncommutativity of observables is not an essential 
prerequisite for quantum mechanics: there are constructions of quantum theory 
which do not relay on it. The most prominent example is the Feynman path integral. 
To focus on the really cardinal moments, we firstly take the popular lectures [10], 
which present the main elements in a very enlightening way. Feynman managed to 
tell the fundamental features of quantum electrodynamics without any reference to 
(non-)commutativity: the entire text does not mention it at all. 

Is this an artefact of the popular nature of these lecture? Take the academic 
presentation of path integral technique given in [ ]. It mentioned (non-)com- 
mutativity only on pages 115-6, 176. In addition, page 355 contains a remark 
on noncommutativity of quaternions, which is irrelevant to our topic. Moreover, 
page 176 highlights that noncommutativity of quantum observables is a consequence 
of the path integral formalism rather than an indispensable axiom. 

But what is the mathematical source of quantum theory if noncommutativity is 
not? The vivid presentation in [10] uses stopwatch with a single hand to explain 
the calculation of path integrals. The angle of stopwatch's hand presents the phase 
for a path x(t) between two points in the configuration space. The mathematical 
expression for the path's phase is [11, (2-15)]: 

(2) 4>[x{t)\ = const . e (Vfc)SKt)] ; 

where S^x^)] is the classic action along the path x(t). Summing up contribu- 
tions (2) along all paths between two points a and b we obtain the amplitude 
K(a, b). This amplitude presents very accurate description of many quantum phe- 
nomena. Therefore, expression (2) is also a strong contestant for the role of the 
cornerstone of quantum theory. 

Is there anything common between two "principal" identities (1) and (2)? Seem- 
ingly, not. A more attentive reader may say that there are only two common 
elements there (in order of believed significance) : 

(1) The non-zero Planck constant h. 

(2) The imaginary unit i. 

The Planck constant was the first manifestation of quantum (discrete) behaviour 
and it is at the heart of the whole theory. In contrast, classical mechanics is 
oftenly obtained as a semiclassical limit H — ► 0. Thus, the non-zero Planck constant 
looks like a clear marker of quantum world in its opposition to the classical one. 
Regrettably, there is a common practice to "chose our units such that H = 1". 
Thus, the Planck constant becomes oftenly invisible in many formulae even being 
implicitly present there. Note also, that 1 in the identity h = 1 is not a scalar but a 
physical quantity with the dimensionality of the action. Thus, the simple omission 
of the Planck constant invalidates dimensionalities of physical equations. 

The complex imaginary unit is also a mandatory element of quantum mechanics 
in all its possible formulations. It is enough to point out that the popular lec- 
tures [10] managed to avoid any noncommutativity issues but did mention complex 
numbers both explicitly (see the Index there) and implicitly (as rotations of the 
hand of a stopwatch) . However, it is a common perception that complex numbers 
are a useful but manly technical tool in quantum theory. 

3. Quantum Mechanics from the Heisenberg Group 

Looking for a source of quantum theory we again return to the Heisenberg com- 
mutation relations (1): they are an important part of quantum mechanics (either 
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as a prerequisite or as a consequence). It was observed for a long time that these 
relations are a representation of the structural identities of the Lie algebra of the 
Heisenberg group [12, 14, 15]. In the simplest case of one dimension, the Heisenberg 
group H 1 can be realised by the Euclidean space K 3 with the group law: 

(3) (s, x, y) * (s', x', y') = (s + s' + \u(x, y; x', y'), x + x',y + y'), 
where u is the symplectic form on R 2 [ I , § 37] : 

(4) uj(x,y;x',y') = xy' - x'y. 

Here, like for the path integral, we see another example of a quantum notion being 
defined through a classical object. 

The Heisenberg group is noncommutative since u>(x, y; x', y') = —uj(x' , y'; x,y). 
The collection of points (s, 0, 0) forms the centre of H 1 . We are interested in the uni- 
tary irreducible representations (UIRs) of H 1 in infinite-dimensional Hilbert spaces. 
For such a representation p, action of the centre shall be multiplication by an uni- 
modular complex number, i.e. p(s, 0, 0) = e 2mhs I for some real h ^ 0. 

Furthermore, the celebrated Stone-von Neumann theorem [12, § 1.5] tells that 
all UIRs of H 1 with the same value of h in complex Hilbert spaces are unitary 
equivalent. In particular, this implies that any realisation of quantum mechanics, 
e.g. the Schrodinger wave mechanics, which provides the commutation relations (1) 
shall be unitary equivalent to the Heisenberg matrix mechanics based on these 
relations. 

In particular, any UIR of H 1 is equivalent to a subrepresentation of the following 
representation on L 2 (R 2 ): 

(5) P h (s,x,y) : f(q,p) ^ e -^(ns+ q x+ PV ) f ( ? _ | x ) . 

Here R 2 has the physical meaning of the classical phase space with q representing 
the coordinate in the configurational space and p — the respective momentum. The 
function f(q,p) in (5) presents a state of the physical system as an amplitude over 
the phase space. Thus the action (5) is more intuitive and has many technical ad- 
vantages [12, 15,28] in comparison with the well-known Schrodinger representation, 
to which it is unitary equivalent, of course. 

Infinitesimal generators of the one-parameter semigroups p h (0, x, 0) and /o R (0, 0, y) 
from (5) are the operators 7}hd p — 2iriq and —^Hd q — 2mp. For these, we can directly 
verify the identity: 

[— \Kdq — 2ir\p 1 ^hd p — 27ri<7] = ih, where h = 2ttH. 

Since we have a representation of (1), these operators can be used as a model of 
the quantum coordinate and momentum. 

For a Hamiltonian H(q,p) we can integrate the representation p h with the Fourier 
transform H(x,y) of H(q,p): 

H= H{x,y) p h (0,x,y)dxdy 

JR 2 

and obtain (possibly unbounded) operator H on L 2 (IR 2 ). This assignment of the 
operator H (quantum observable) to a function H(q,p) (classical observable) is 
known as the Weyl quantization or a Weyl calculus [12, § 2.1]. The Hamiltonian H 
defines the dynamics of a quantum observable k by the Heisenberg equation: 

dk 

(6) ih— =Hk- kH. 
y ' dt 

This is the well-known construction of quantum mechanics from infinite-dimensional 
UIRs of the Heisenberg group, which can be found in numerous sources [12, 15, 19]. 
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4. Classical Noncommutativity 

Now we are going to show that the balance of importance in quantum theory 
shall be shifted from the Planck constant towards the imaginary unit. Namely, we 
describe a model of classical mechanics with a non-zero Planck constant but with a 
different hypercomplex unit. Instead of the imaginary unit with the property i 2 = 
— 1 we will use the nilpotent unit e such that e 2 = 0. The dual numbers generated by 
nilpotent unit were already known for there connections with Galilean relativity [13, 
27] — the fundamental symmetry of classical mechanics — thus its appearance in our 
discussion shall not be very surprising after all. Rather, we may be curious why 
the following construction was unnoticed for such a long time. 

Another important feature of our scheme is that the classical mechanics is pre- 
sented by a noncommutative model. Therefore, it will be a refutation of Dirac's 
claim about the exclusive role of noncommutativity for quantum theory. Moreover, 
the model is developed from the same Heisenberg group, which were used above to 
describe the quantum mechanics. 

Consider a four-dimensional algebra £ spanned by 1, i, e and ie. We can define 
the following representation p eh of the Heisenberg group in a space of C-valued 
smooth functions [21,23]: 

(?) p sh {s,x,y) : f(q,p) i-» 

e -2, Kxq+VP ) ( /(?>p) + eft ( a/(?>p) + -ILffap) - £:f;(q,p))) ■ 

A simple calculation shows the representation property p e i l (s,x,y)p eh (s',x / ,y') = 
p eh ((s, x, y) * (s', x' , y')) for the multiplication (3) on H . Since this is not a unitary 
representation in a complex-valued Hilbert space its existence does not contradict 
the Stone-von Neumann theorem. Both representations (5) and (7) are noncom- 
mutative and act on the phase space. The important distinction is: 

• The representation (5) is induced (in the sense of Mackey [18, § 13.4]) by 
the complex-valued unitary character p h (s,0, 0) = e 27rihs of the centre of 
H 1 . 

• The representation (7) is similarly induced by the dual number-valued char- 
acter p £h (s, 0,0) = e ehs = 1 + ehs of the centre of H 1 , cf. [20]. Here 
dual numbers are the associative and commutative two-dimensional alge- 
bra spanned by 1 and s. 

Similarity between (5) and (7) is even more explicit if (7) is written as: 

(8) p h (s,x,y) : f(q,p) -> e -M«*-+i(«*-hPv))/ L-^ey,p+^e^ . 

Here, for a differentiable function k of a real variable t, the expression k(t + ea) is 
understood as k(t) + eak' (t) , where a G C is a constant. For a real-analytic function 
k this can be justified through its Taylor's expansion, see [3; 13; 29, § 1.2(10)]. The 
same expression appears within the non-standard analysis based on the idempotent 
unit £ [2]. 

The infinitesimal generators of one-parameter subgroups p eh (0, x, 0) and p eh (0, 0, y) 
in (7) are 

dp*h = -27ri<7 - d p and dp Y eh = -2nip + ^jdq, 
respectively. We calculate their commutator: 

(9) dp* h ■ dpY h - dpXh ■ dp* h = eh. 

It is similar to the Heisenberg relation (1): the commutator is non-zero and is 
proportional to the Planck constant. The only difference is the replacement of the 
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imaginary unit by the nilpotent one. The radical nature of this change becomes 
clear if we integrate this representation with the Fourier transform H(x,y) of a 
Hamiltonian function H(q,p): 

(10) A = 1^ H {X , y) Peh (0, x , y) dx d y = H + f | - ^ |) . 

This is a first order differential operator on the phase space. It generates a dynamics 
of a classical observable k — a smooth real-valued function on the phase space — 
through the equation isomorphic to the Heisenberg equation (6): 

dk 

eh— = Hk- kH. 
dt 

Making a substitution from (10) and using the identity e 2 = we obtain: 

dk dHdk dHdk 
dt dp dq dq dp' 

This is, of course, the Hamilton equation of classical mechanics based on the Pois- 
son bracket. Dirac suggested, see the paper's epigraph, that the commutator corre- 
sponds to the Poisson bracket. However, the commutator in the representation (7) 
exactly is the Poisson bracket. 

Note also, that both the Planck constant and the nilpotent unit disappeared 
from (11), however we did use the fact h ^ to make this cancellation. Also, the 
shy disappearance of the nilpotent unit e at the very last minute can explain why 
its role remain unnoticed for a long time. 

5. Discussion 

This paper revises mathematical foundations of quantum and classical mechanics 
and the role of hypercomplex units i 2 = — 1 and e 2 = there. To make the 
consideration complete, one may wish to consider the third logical possibility of the 
hyperbolic unit j with the property j 2 = 1 [16,17,20,22,23,25,26], however, this is 
beyond the scope of the present paper. 

The above discussion provides the following observations: 

(1) Noncommutativity is not a crucial prerequisite for quantum theory, it can 
be obtained as a consequence of other fundamental assumptions. 

(2) Noncommutativity is not a distinguished feature of quantum theory, there 
are noncommutative formulations of classical mechanics as well. 

(3) The non-zero Planck constant is compatible with classical mechanics. Thus, 
there is no a necessity to consider the semiclassical limit h — ^ 0, where the 
constant has to tend to zero. 

(4) There is no a necessity to request that physical observables form an al- 
gebra, which is a physical non-sense since we cannot add two observables 
of different dimensionalities. Quantization can be performed by the Weyl 
recipe, which requires only a structure of a linear space in the collection of 
all observables with the same physical dimensionality. 

(5) It is the imaginary unit in (1), which is ultimately responsible for most 
of quantum effects. Classical mechanics can be obtained from the similar 
commutator relation (9) using the nilpotent unit e 2 = 0. 

In Dirac's opinion, quantum noncommutativity was so important because it guar- 
anties a non-trivial commutator, which is required to substitute the Poisson bracket. 
In our model, multiplication of classical observables is also non-commutative and 
the Poisson bracket exactly is the commutator. Thus, these elements do not sepa- 
rate quantum and classical models anymore. 
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Still, Dirac may be right that we need to change a single assumption to get a 
transition between classical mechanics and quantum. But, it shall not be a move 
from commutative to noncommutative. Instead, we need to replace a representa- 
tion of the Heisenberg group induced from dual number- valued character by the 
representation induced by the complex- valued character. Our resume can be stated 
like the title of the paper: 

Classical/Quantum=Dual numbers/ Complex numbers. 
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ilBJiaeTca jih KOMMyTau,HH Ha6jno,a,aeMfcix rjiaBHtiM 

OTJIHHHeM KJiaCCHHeCKOH MexaHHKH OT KBaHTOBOH? 



B. B. Khchjib 



Ahhotauhji. B 1926 rofly /JnpaK npeflnojio>KHji, hto KBamoBaa MexamiKa 
mojkgt 6biTb nojiyneHa H3 KjiaccHnecKoft 3aMeHoft eflHHCTBeHHoro flonymeHHH. 
Ilo ero MHeHHio, KjiaccHnecKaa MexaHiiKa onpesejiaeTCH KOMMyiaTHBHbiMH Be- 

JIHIHHSMH («C-MHCJiaMH») B TO BpeMa KaK KBaHTOBaa Tpe6yeT H6KOM3ViyTa- 

thbhbix («q- t iHceji»). OcTajiBHBie flonymeHiia hbjtshotch o6ihhmh ajih o6ohx 
Teopiifi. B flaHHoii pa6oTe mm kphtiimgckh nepecMaTpuBaeM npefljio>KeHHe J\vl- 
paKa. 

C 3toh uejiBio mbi npeflCTaBjineM HeKOMMyTaTHBHyio MO^ejib KAaccunecKou 
MexaHHKH c HeHyjieBOH nocTOsmHOH IljiaHKa. 9to bo3mo>kho 6jiaroflapH hc- 

nOJlb30BaHHIO HHJ1LIIOTGHTHOH eflHHHHBI £ TaKOH, HTO £ 2 = 0. CjieflOBaTejIBHO, 

peniaioiiryio pojit b nocTpoeHHH KBaHTOBOH TeopHH BbinojiHHeT MHHMas kom- 
njieKCHasi e^HHHija. 



. . . 6bijio BOCKpeceHi>e h ko mhs BnepBMe npHHijia mbicjh>, 
( ito ab — ba mo^kct cooTB6TCTBOBaTi> cko6kc ElyaccoHa. 

n.A.M. fliipaK, 
http : //www. aip . org/history/ohilist/4575_l .html 

1. BBEflEHHE 

CeiiHac Ha6jno/i,aeTCH B03pojK/i,eHiiH HHTepeca k ocHOBaHHHM KBaHTOBOH Teo- 
pHH, KOTopoe no/mepjKaHO 3aMeTHbiM (piiHaHCiipoBaHHeM b pa3jiHHHbix CTpaHax. 

OflHa H3 npHHHH 3TOrO HHTepeca CBH3aHa C npHKJiaflHblMH HHJKeHepHblMH Bonpo- 

caMH B03HHKaioiii,HMH npii pa6oTe c HaHO-o6i>eKTaMH. BbmypHas KoneHrareHCKaa 
HHTepnpeTanHH 6bijia ynpBjieTBopiiTejibHOH pjisi cpaBHHTejibHO He6ojibHioro nncjia 
TeopeTH^ecKHx cdh3hkob (h mcckbt 6bitb flajKe jibCTHjia hx sjiHTapHOMy pyxy). Of\- 
HaKO, ,hjih MaccoBoro ocBoemiH npaKTHKyiomHMH HHJKenepaMH xoTejiocb 6bi hmctb 
6ojiee peajiHCTHHHyio KapTHHy npoiicxoflHinero b MHKpoMHpe. B noncKax Taxnx 
o6 r bHCHeHHH Heo6xoflHMO BepHyTbca k caMbiM HCTOKaM KBaHTOBOH TeopiiH. 

B 1926 ro/ry ^upaK npeflnojiojKHji, hto KBaHTOBaa MexaHHKa mojkct 6biTb no- 
jiyneHa H3 KjiaccHHecKoft 3aMeH0it eflHHCTBeHHoro /jonymeHHH, cm. [12]: 

. . . there is one basic assumption of the classical theory which is 
false, and that if this assumption were removed and replaced by 
something more general, the whole of atomic theory would follow 
quite naturally. Until quite recently, however, one has had no idea 
of what this assumption could be. 1 



«... cymecTByeT o^,ho 6a30Boe .apnymeHHe b Kjiaccn^ecKOH TeopHH, KOTopoe HeBepHO, h ecjin 
3to flonymeHHe yrajiHTt hjth 3aivieHHTi> mcm-to 6ojiee o6hj,hm, bch Teopun aTOMa nojiyMHjiaci> 
6bi ecTecTBeHHO. O/niaKO, pp He^aBHero bpcmghh hhkto He no.zK33peBa.ji, KaKoe sto mo^kct 6bitb 
flonyuj,eHHe.» 

1 



2 



B. B. KucHjib 



^upaK npeflnojicoKHji, hto Heo6xoflHMoe ycjiOBHe 3aKjnoHeHO b KOMMyTanHOH- 
Hbix cooTHOinennHx refeenGepra fljia Ha6jHO,a,aeMbix KOopflimaTbi h HMnyjibca na- 
CTHn,bi [1 2, (1)]: 

(1) q r p r - p r q r = ih. 

Ajire6paH x iecKH sto cooTHoniGHiie (pHKCiipyeT HeKOMMyTaTiiBHOCTb bcjihhhh q r n 
p r . IIosTOMy flnpaK npe/i,jio>KHji [12] rnnoTe3y o tom, hto KjiaccHHecKaa MexamiKa 

OnpeflejIHeTCH KOMMyTaTHBHblMH B&JIHHHHaMH («C-HHCJiaMH», KaK OH HX Ha3Baji) 

b to BpeMH KaK KBatiTOBaa Tpe6yeT HeKOMMyTaTHBHbix («q-HHceji»). OcTajibHaa 
nacTb TeopHH, He npoTHBopeHamaH npe/rbi/ryineMy flonyrueHHio, He Tpe6yeT H3Me- 
HeHiiii. 3to b hbhom BHfle no,zrrBep}K,zi,eHO b cjieflyioineH CTaTbe ^npaKa [11]: 

The new mechanics of the atom introduced by Heisenberg may be 
based on the assumption that the variables that describe a dynam- 
ical system do not obey the commutative law of multiplication, but 
satisfy instead certain quantum conditions. 

3ia »ce TOHKa 3peHHH Heo/rHOKpaTHO BbipajKajiacb h b 6ojiee no3flHnx pa6oTax 
[13, p. 26 (cTp. 41 pyccKoro nepeBO/ra); 14, p. 6 (cTp. 11 pyccKoro nepeBO/ra)]. 

TouKa 3peHiiH ,ZlHpaKa nojiy^Hjia ninpoKoe pacnpocTpaHeHiie, oco6eHHO cpe/ni 
MaTeMaTiraecKH opneHTHpoBaHHbix yneHbix. Bojiee Toro, pacnjibiBnaTaa Bapnainia 
«KBaHTOBoe — 3to hto-to TaKoe HeKOMMy TaTHBHoe » HSHa^ajibHoro npefljiojKeHHH 
6bijio c jierKOCTbio o6paineHO bo «BCHKoe HeKOMMyTaTHBHoe — sto KBaHTOBoe». Ha- 
npHMep, CTajio MO/nrbiM Ha3BiBaTB BCHKyio HeKOMMyTaTHBtiyio ajire6py «KBaHTO- 
bbim npocTpaHCTBOM» ("quantum space") [10]. 

^aBaiiTe BHHMaTejibHO pa36epeM, fleifcTBHTejibHO jm HeKOMMyTaTHBHOCTb hbjih- 
eTCH b a^KHefiniHM hctohhhkom KBaHTOBOii TeopiiH. 

2. «AjirEBPA» HABJIIO^AEMBIX 

Ot6pochb npeflnojiojKeHiie o KOMMyTaTHBHOCTii Ha6jnoflaeMbix flupaK flejiaeT 
cjie^yiomee, Ka3ajiocb 6bi oneHb rn6Koe, flonymeHHe [12]: 

All one knows about q-numbers is that if z\ and Z2 are two q- 
numbers, or one q-number and one c-number, there exist the num- 
bers z\ + Z2, z\Z2, Z2Z1, which will in general be q-numbers but may 
be c-numbers. 3 

MaTeMaTH^ecKH 3to npeflnojiojKeHne (cobmcctho c HeKOTopbiMH ecTecTBennbiMH 
cooTHOineHiiHMH) o6o3HaHaeT, hto Ha6jnoflaeMbie o6pa3yiOT ajire6paiiHecKyio CTpyK- 
Typy Ha3biBaeMyio koa^om. ,Z[ajiee, jiHHeHHbift npwmi,un cynepno3uu,uu Tpe6yeT, 
hto 6bi y Ha6jiro/i,aeMbix 6bijia TaK *;e CTpyKTypa BeKTopHoro npocTpaHCTBa, hto 
BMecTe c npeflbiflymeM ycjiOBneM xapaKTeproyeT mhojkcctbo Bcex Ha6jno,n;aeMbix 
KaK ajize6py. HeKOTopbie pa6oTbi, opiieHTHpoBaHHbie b nepByio onepeflb Ha MaTe- 
MaTiiKOB, cm. [(i, § 1.2], npHMO roBopHT 06 «ajire6pe Ha6jnoflaeMbix», hto mbjio 
OTjiHnaeTCH ot npe^biflym,eii HHTaTbi H3 [12]. 3to TaK ace cjie^yeT H3 flByx B3an- 
M0CBH3aHHbix /jonyrneHHii, coflepjKaiinixcH b KanonHHecKOM yne6HHKe ,H,HpaKa, Ha 
kotopom Bbipocjio He OflHO noKOjieHHe HCCJie^OBaTejieii: 

(1) «jiHHeiiHbie onepaTopbi cooTBeTCTByiOT flHHaMHiecKHM nepeMeHHbiM» [13, 
§ 7, p. 26, CTp. 40 pyccKoro nepeBOfla]. 



«HoBaH MexaHHKa aTOMa, npefljiOKeHHaa reii3eH6eproM, mojk6t 6bitb ocHOBaHa Ha .apnyme- 
hiih, hto nepeMeHHBie onHCBiBaioiinie flHHaMHKy chctcmbi He cjie^yiOT 3aKOHy kommytjithbhocth 

y MHO}K6HII5I , BMeCTO 3TOrO yflOBJieTBOpHIOT HeKOTOptlM KBaHTOBBIM COOTHOHI6HH5IM . » 

3 «Bce, mto mbi 3HaeM o q-MHCjiax sto, ecjin z\ h Z2 — fl Ba q-HHCjia, hjih oflHO q-HHCjio h o/hio 
c-hhcjio, Tor/i,a cymecTByiOT bcjihhhhbi z\ + Z2, z±Z2, Z2Z±, KOTopnie b o6m,eM cjiynae HBjisiOTca 

q-MHCJiaMH, HO MOryT OKa3aTBCH H C-MHCJiaMH.» 
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(2) «jiiiHeHHbie onepaTopti mojkho CKjiafltiBaTb» [13, § 7, p. 23, CTp. 38 pyc- 
CKoro nepeBOfla]. 

O^naKO, npeflnojiojKeHHe, hto jno6bie flBe HaGjnoflaeMbie jjpnycKaiOT cjio»ceHHe, 

nOJIHOCTbK) HeCOBMeCTHMO C HX (DH3HHeCKHM cmbicjiom. Hto 6bl CJIOJKeHIie 6bIJIO 

bo3mo»cho o6e Ha6jno,zi,aeMbie jtojukhm nM6Tb oflHy pa3MepHOCTb. 3to TinaTejibHO 
o6 r bsiCTiSK>T yneHHKaM cpejjfnix hikoji («Hejib3H CKjiaflBiBaTb canoni c fl6jiOKaMii», 
KaK roBopHji moh yHHTejib cpH3HKii), ho 3aHacTyio Tpe6yiOT 3a6biTb b BYSobckhx 
yne6HHKax. IIosTOMy, ctoht HeMHoro 3a/i,ep:scaTbCfl Ha stom sjieMeHTapHOM Bonpo- 
ce. HanpHMep, jijih Ha6jno,n,aeMbix KOopjjHHaTbi q h HMnyjibca p, KaKOBa flOjiJKna 
6biTb pa3MepHOCTb BbipajKeHHH q + p? MeTpbi hjih k ^ k m ? Ecjih Hanin pacneTbi no- 
Ka3biBaiOT 3HaneHHe 5 pjin p + q b MeTpiiHecKoii CHCTeMe, KaKOB 6y^eT pe3yjibTaT 
npn nepexofle k apniHHaM h nya,aM? Tax KaK TaKHe Bonpocti He flonycKaiOT bhht- 
Horo OTBeTa, to npeflnojio>KeHHe flnpaKa He cobmccthmo c (pHSii^iecKHM cmbicjiom 
Teopnii. 

flpyroe pacnpocTpaneHHoe onpejj,ejieHHe, xpoMaiomee sa Ty ace Hory, nacTO hc- 
nojib3yeTca b xoponinx KHHrax HanncaHHbix OTjiHHHbiMH MaTeMaraKaMi, cm. Ha- 
npHMep [17, § 1.1; 26, § 2-2]. Oho bboait KBaHTOBbie Ha6jnojj,aeMbie KaK npoeKTopno- 
3HanHbie Mepbi Ha 6e3pa3MepHou jreiicTBHTejibHOH npaMoft. TaKoe onpe^ejieHHe 
HeMe/i,jieHHO BjieneT (nocpejrcTBOM cbyHKHHOHajibHoro HcnncjieHHH onepaTopoB) cy- 
m,ecTBOBaHHe hobmx Ha6jnojj,aeMbix 3ajj,aHHbix ajire6pan T iecKHMH BbipajKenHSMii [ , 
§ 2-2, p. 63]: 

Because of Axiom III, expressions such as A 2 , A 3 + A, 1 — A, and 

e A all make sense whenever A is an observable. 4 
O^HaKO, ecjiH A He hbjihctch 6e3pa3MepH0ii BejiiiHiiHoit to BbipajKeHne A 3, + A He 
MOJKeT HMeTb HHKaKyio corjiacoBaHHyio c stem pa3MepnocTb. 

KoHenHO, (pHSHHecKHe flecoeKTbi sthx (Sesynpe^Hbix b MaTeMaTH^iecKOM otho- 
ineHHii) nocTpoeHHH He MernaiOT cpH3HKaM nojiynaTb npaBHjibHbie OTBeTbi, KOTopbie 
npeKpacHO corjiacyiOTCH c SKcnepnMeHTOM. HeT CMbicjia o6cyjKjj,aTb K&KHMH cno- 
co6aMH 3to floCTHraeTCH. Bojiee nojie3HO nonbiTaTbca o6o3HaHHTb MaTeMaranecKHe 
ocHOBanna, KOTopbie He 6yzryr CTpajj,aTb onucaHHbiMH HejjpcTaTKaMii. 

3. HECyiHECTBEHHAH HEKOMMYTATHBHOCTb 

Xoth mm MOxceM CKjia^biBaTb TOJibKO Ha6jno;raeMbie oflHOii h toh :ace pa3MepHO- 

CTH, HeT HHKaKHX OrpaHHHeHHH TaKOrO pOfla Ha yMHOJKeHIie (DlI3HHeCKHX BejIHHHH. 

EcTecTBeHHO, pa3MepHOCTb npoiiSBefleHHH paBHa npoH3Be,n,eHHio pa3MepHOCTeii co- 
MHOJKHTejieii, nosTOMy KOMMyTaTop [A, B] = AB — BA Bceiyja onpejrejieH jj,jia 
npoH3BOjibHbix BejiHHHH A ii B. B nacTHOCTH, KOMMyTaTop (1) BnojiHe onpeflejieH. 
Ho TaK jih oh Ba>KeH pjin nocTpoemis: KBaHTOBOH MexaHHKH? 

MOJKHO yTBepjKflaTb, HTO HeKOMMyTaTIIBHOCTb (pH3HHeCKHX BejIHHHH He HBJIS- 

eTCH neo6xoduMUM npednocuAKou pjm ocHOBaHiiii KBaHTOBOii Teopnn: xopomo H3- 
BecTHbi cxeMbi o6xoflflinriecfl 6e3 SToro. Han6ojiee Bbijj,aioin,Hiica: npHMep — HHTerpaji 
no nyTHM pa3BHTbiii OefaMaHOM (h npefljiojKeHHbift, onaTb »ce, 7J,iipaKOM). Hto 6h 
BbiHBiiTb ^eiicTBHTejibHO cymecTBeHHbie sjieMeHTbi o6paTHMca b Hanajie k nony- 
jiapHbiM jieKi^HHM [15], KOTopbie npeflCTaBjiHiOT ocHOBy MeTOfla b oneHb jj,ocTynHoii 
cbopMe. OeiiHMaH CMor paccKa3aTb rjiaBHbie momchtm KBaHTOBOii 3jieKTpojj,iiHaMH- 
kh He ynoMHHyB HeKOMMyTaTHBHOCTb hh pa3y. 

MojKeT 6bITb 3TO npOCTO CJie^CTBHe nOBepXHOCTHOCTH II3JIO>KeHHH? B03bMeM 

BnojiHe aKajj,eMHHecKHii y^ieGHHK [16]. B bbm HeKOMMyTaTHBHOCTb ynoMHHaeTca 
jiumb na CTpammax 115-6 (§ 5-3) h 176 (§ 7-3). B jjpnojiHemie, Ha CTpaHHne 355 



4 «Bcjie/;cTBHe Akchomm III, Bbipa*ceHiiH Bpofle A 2 , A 3 + A, 1 — A h e A Bee HineiOT cmbicji 
ecjiH A HBjiHeTCH Ha6jiiOflaeMOH.» 
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(§ 12-10) ynoMHHaeTCH HeKOMMyTaTHBHOCTB KBaTepHHOHOB, ho sto He othochtch k 
HanieMy o6cyjK,n,eHHK). Bojiee Toro, Ha CTpaHHue 176 noflHepKHBaeTCH, hto hckom- 
MyTaTHBHOCTB KBaHTOBbix bcjihthh HBjiHeTCH c/iedcmeueM TexHHKH HHTerpnpoBa- 
hhh no nyTHM, a He caMonenHofi aKCHOMOft. 

HtO THe HBJIHeTCH MaTeMaTHHeCKHM OCHOBaHHeM KBaHTOBOH TeOpHH, eCJIH HeKOM- 
MyTaTHBHOCTB He TaK BajKHa? HarjiHflHoe noBecTBOBaHne b [ I 5] Hcnojib3yeT ceKyH- 
,n,OMep fljia HCHHCjieHHa KBaHTOBOH aMnjiHTy^bi. Yroji noBopoTa CTpejiKH ceKyH- 
ppMepa npe^CTaBjiaeT (fia3y fljra nyTH x(t) Me»c/ry ,n,ByMH to^omh KOHCpHrypann- 
OHHoro npocTpaHCTBa. MaTeMaTHnecKoe BBipa»ceHHe fljia stoPl cpa3Bi Mbi MO»ceM 
HaHTH b [16, (2-15)]: 



Tflfi S[x(t)] — KAaccuuecKoe deilcmeue b/kmb nyTH x(t). Cjiojkhb Bee BKjiaflBi bh- 
fla (2) b^ojib Bcex bo3mojkhbix nyTefi 5 MejK^y ppyMs TonxaMH ohJ mbi nojiynaeM 
aMnjiHTyfly nepexo/i,a K(a,b). 3t& BejninHHa co^epjKiiT b ce6e oneHb aKKyparaoe 
oniicaHne MHonix KBaHTOBbix scpcpeKTOB. IIosTOMy Bbipa»ceHHe (2) TaKsce npeTeH- 
,nyeT Ha pojib KpaeyrojibHoro KaMHs KBaHTOBOH Teopun. 

Ho ecTb jih xoTb hto-to o6mee MesKfly #ByMH ocnoeonoAazawinuMu cpopMyna- 
mh (1) h (2)? Ha nepBbiii B3rjum, HeT. npn 6ojiee fleTajiBHOM paccMOTpeHHH mojkho 
3aMeTHTb, hto ecTb TOJibKO flBa o6ihhx ajieMeHTa. nepeHHCjieHHBie b nopaflKe 3Ha- 
hhmocth (KaKOBOfi OHa 3anacTyio npeflCTaBjiaeTCH) 3to: 

(1) HeHyjieBaa nocTOHHHaa njiaHKa H. 

(2) MmiMafl efliHHiia i. 

flefiCTBHTejibHO, nocTOHHuaa njiaHKa 6bijia HCTopnnecKH nepBoii xapaKrepncTH- 

KOH KBaHTOBOrO (flHCKpeTHOro) nOBefleHHH H BHe BCHKOrO COMHeHHS npHHaflJiejKHT 

H,n;py Bceft TeopHH. Bojiee Toro, KjiaccHHecKaa MexaHHKa sanacTyro mbicjihtch KaK 
nepexofl ot tohhoh KBaHTOBOH TeopHH b nojiyKjiaccHnecKOM npe/jejie h — > 0. Hosto- 
My, HeHyjieBaa: nocTOHHHaa njiaHKa CHHTaeTCH hbhbim npii3HaKOM KBaHTOBoro MHpa 
b ero onno3HH,HH k KjiaccHHecKoft MexaHHKe. K cojKajieHino, ninpoKO pacnpocTpa- 
HeHa Tpa,znirniH «Bbi6npaTb Taxyio CHCTeMy e/nnnui, b KOTopon K = 1». B pe3yjib- 
TaTe, nocToaHHaa njiaHKa ncne3aeT H3 mhothx cpopMyji, iyje ee npncyTCTBHe 6bijio 

Ba>KHO. OTMeTHM TaK JKe, HTO 1 B paBeHCTBe ft = 1 He HBJIHeTCH 6e3pa3MepHbiM 

CKajiapoM, ho (pH3HHecK0ii b&jihhhhoh c pa3MepHOCTbio /ibhctbhh. Cjie/i,OBaTejibHO, 
npocTaa skohomhh Ha onycKaHiin stoh nocToaHHOit HapyniaeT pa3MepHOCTb Bcex 

4>H3HHeCKHX TOJKfleCTB. 

MmiMaa eflHHima TaK »ce HBjiaeTCH HenpeMeHHbiM ynacTHHKOM jiio6bix cpopMy- 

JIIipOBOK KBaHTOBOH TeOpHH. ^OCTaTOHHO yKa3aTb, HTO nOnyjIHpHbie JieKHHH [15] 

npeKpacHO o6xo,ii;htch 6e3 bchkoto ynoMHHaHHH HeKOMMyTaTHBHOCTH, ho coflep- 
»caT KOMnjieKCHbie nncjia KaK hbho (cm. yKa3aTejiB b stoh KHure), TaK h hchbho — 
BpameHHe CTpejiKH ceKyH^OMepa Harjia^HO H3o6pa>KaeT H3MeHeHHe yHHMOflyjiap- 
Hoft KOMnjieKCHOii cpa3bi (2) b^ojib nyTH. H sto BTopoe (HeHBHoe, ho oneHB cyme- 
CTBeHHoe) HcnojiB30BaHHe KOMnjieKCHbix HHceji flaxe BajKHee hx KpaTKoro hbhoto 
ynoMiraaHHH. TeM He MeHee, KOMnjieKCHbie nncjia 3anacTyio BOcnpiiHiiMaiOTCH KaK 
nojie3HBiii, ho bc§ »ce nucmo mexHuuecKuu ajieMeHT Teopnu. 



B nOIICKaX HCTOHHHKa KBaHTOBOH TeopHH MBI BHOBB B03Bpam,aeMCH K KOMMyTa- 
D;H0HHBIM COOTHOHieHHHM (1): HJIH B pOJIH Heo6xO,Ii;HMOH aKCHOMBI, HJIH KaK Baac- 
HOe CJieflCTBHe, HO OHH HBJiaiOTCH 06s3aTejIBHBIM SJieMeHTOM TeopHH. ^OCTaTOHHO 



Mbi 3^eci> He KacaeMCH Bonpoca, k3,kmm o6pa30M mojkho m&tgM(1thh6ckh 6e3ynpenHO 060c- 
HOBaTB 3Ty npoi^eflypy. 



(2) 




4. KBAHTOBAfl MEXAHHKA H TPynnA rEH3EHBEPTA 
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flaBHO CTajIO nOHHTHO, HTO 3TH COOTHOHieHHH HBJIHIOTCH npeflCTaBjieHHeM CTpyK- 

TypHbix TC»K,zi;ecTB ajire6pbi J1h rpynnbi ren3eH6epra [17-19]. B npocTeiiineM 
cjiynae oflHoro H3MepeHHH, rpynna reft3eH6epra H 1 npeflCTaBjiaeTCH Ebkjih,h;obijIm 
npocTpancTBOM M 3 c TaKoii rpynnoBoii onepanneii: 



3flecb, KaK h c HHTerpajmMH no TpaeKTopnaM, mm bh^hm em,e o/niH npiiMep KBaH- 
TOBoro o6 r beKTa onpeflejieHHoro b TepMHHax KjiaccnnecKoro. 

Tpynna ren3en6epra HeKOMMyTaTHBHa b cjig/^ctbhh koco-chmmctphhhocth chm- 
njieKTiinecKon (popMu: u>(x,y;x',y') = —u>(x',y';x,y). Mhojkcctbo tohck BH^a 
(s,0, 0) o6pa3yeT neHTp H 1 . HaM noTpe6yiOTCH yHHTapHbie HenpiiBOflHMbi npe,a,- 
CTaBjieHiiH H 1 b 6ecKOHeHHOMepHbix npocTpaHCTBax. B TaKOM npeflCTaBjieHHH p 
uenTp rpynnbi pfljuKen fleiicTBOBaTb yMHO»ceHHeM Ha KOMiuieKCHoe hhcjio c e^H- 
hhhhhm MOflyjieM, to ecTb p(s, 0, 0) = e 2mhs I pjisi HeKOToporo h ^ 0. 

flajiee, Baaaiaa: TeopeMa CToyHa — <pOH HeiiMaHa [17, § 1.5] ycTaHaBjiiiBaeT, hto 
Bee yHHTapHbie HenpnBO/niMbie npeflCTaBjieHiia rpynnbi H 1 c o6ihhm 3HaHeHHeM 
h yHHTapHO 3KBHBajieHTHbi. H3 3Toro cjieflyeT, hto jno6bie peajiH3aniin KBaHTO- 
boh MexaHHKH npeflCTaBjiHionnie cooTHonieuHe (1) (k npHMepy, BOjiHOBaa MexaHHKa 
IIIpc^HHrepa) yHHTapHO SKBHBajieHTHa MaTpHHHOH MexaHHKe ren3eH6epra. 

B nacTHOCTH, jnoGoe ymiTapHoe HenpHBO/niMoe npe/KiTaBjieHne H 1 SKBHBajieHT- 
ho noflnpeflCTaBjieHHio cjieflyioiHero npe/jCTaBjieHHH b npocTpaHCTBe L 2 {M. 2 ): 



3flecb M 2 MO»ceT 6biTb OTOJK^ecTBjieHHO c KjiaccnnecKHM g5a3oeuM npocmpaHcmeoM, 
Tpfi q o6o3HanaeT KOop^HHaTy b KOHepiiryparn-iOHHOM npocTpaHCTBe h p — cootbct- 
CTByiomHH HMnyjibc. OyHKHira f(q,p) b (5) npeflCTaBjiaeT cocTOHHne (pn3iiHecKOH 
CHCTeMM KaK aMnjiHTyny Ha cpa30BOM npocTpaHCTBe. IIosTOMy, no cpaBHeHnio c 
6ojiee H3BecTHbiM npeflCTaBjiemieM IHpeflimrepa Ha ^eftcTBHTejibHoit ocn (koh<ph- 
rypan,nonnoM npocTpaHCTBe), npeflCTaBjieHne (5) 6ojiee HHTyHTHBHO n HMeeT MHoro 
TexHHnecKHx floCTOHHCTB [17, 19,29]. Xoth, KaK 6bijio OTMeneHO Bbiuie, 06a npe,a,- 

CTaBJieHHe yHHTapHO SKBHBajieHTHbl. 

HH(pHHHTe3HMajibHbie nopojKflaioiHHe OflHO-napaMeTpnnecKHx no/jrpynn p h (0, x, 0) 
h p h (0, 0, y) b (5) ecTb onepaiopbi ^hd p — 2ir\q n —^hd q — 2-K\p. J\n& hhx Henocpefl- 
CTBeHHO npoBepaeTCH TOJKflecTBo: 



TaK KaK mh HMeeM npe/i,CTaBjieHHe TOJK^ecTBa (1), sth onepaiopbi MoryT ncnojib- 
30BaTbca KaK npeflCTaBHTejiH KBaHTOBbix Ha6jno [ n;aeMbix KOop/niHaTbi h HMnyjibca. 

HMeH KjiaccnnecKHn raMHjibTOHnaH H(q,p), mh MO»ceM npoHHTerpnpoBaTb ero 
npeo6pa30BaHHe Oypbe H(x,y) c npe/i,CTaBjieHHeM p h : 



n nojiynnM (bo3mojkho HeorpaHHneHHbin) onepaTop H Ha L 2 (R 2 ). TaKoe coot- 
BeTCTBHe onepaTopa H (KBaHTOBOii HaGjuo/raeMoii) k cpyHKiniH H(q,p) (Kjiaccn- 
HecKoft Ha6jnoflaeMoii) H3BecTH0 KaK KeanmoeaHue Beujisi hjih ucuucAeuue Beu- 
jih [17, § 2.1]. TaMnjibTOHHaH H onpeflejiaeT ^HHaMiiKy KBanTOBon na6jnoflaeM0ii 
k nepe3 ypaenenue reu3en6epza: 




(5) 




[— \hd q — 2nip, ^hd p — 2niq] = ih, rfle h = 2ttH. 




(6) 



ih^. = H~ k _ ~ k H. 



dt 



(i 
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Taxoe nocTpoeHiie kbrhtoboh MexaHHKH Ha ochobc ymiTapHbix HenpHBO/niMbix 
npeflCTaBjieHHfi rpynnbi reH3eH6epra xoponio h3bcctho, cm. HanpHMep [17,19,22]. 

5. KjlACCHHECKAH HEKOMMYTATMBHOCTt) 

Cetoac mm noKaxeM, hto b KBaHTOBOfi TeopHH no-HacToaineMy BajKHbiM hbjih- 
iotcs KOMnjieKCHbie HHCJia, a BOBce He HeHyjieBaa nocToaHHaa IljiaHKa, KaK npiiHHTO 
AyMaTb. KoHKpeTHO, mh npe^CTaBHM MOflejib KjiaccHnecKoii MexaHHKH c HeHyjieBoft 
nocTOHHHOfl: IljiaHKa, ho c flpyrHMH rnnepKOMnjieKCHbiMH nncjiaMH. Bmccto mhh- 
moh eflHHHH,bi i co cbohctbom i 2 — — 1 Mbi Hcnojib3yeM HHjibnoTeHTHyio efliiHimy 
e TaKyio, hto e 2 = 0. Xoponio H3BecTHO, hto nopojKfleHHbie efl dyanmue nucjia 
CBa3aHbi c OTHOCHTejibHOCTbio FajiHjiea [2, 7] — Ba)KHOH CHMMeTpneii KjiaccHnecKoii 
MexaHHKH — TaK hto ee noHBjieHne b HanieM HCCJie/jOBaHHH He TaKaa y»c h hcojkh- 
^aHHOCTb. CKopee, mbi aojukhbi yn,HBjiHTBCH, noneMy flyajibHbie nncjia TaK Majio 
H3BecTHbi h TaK pe,n,KO Hcnojib3yiOTCH b coBpeMetiHOH (pii3HKe (,n,a h MaTeMaTHKe). 

flpyroft BajKHOii ocoGchhoctbio Hanieit MO^ejiH KjiaccHnecKOH MexaHHKH hbjih- 
eTCH ee HeKOMMyTaTHBHOCTb. TaKHM o6pa30M, OHa onpoBepraeT npeflnojiojKeHiie 
,H,HpaKa o HeKOMMyTaTiiBHOCTH KaK BajKHefimeM HCTOHHHKe Bcex KBaHTOBbix no- 
CTpoeHHii. Bojiee toto, Hania MO^ejib 6y^eT BbiBe,a,eHa H3 bc§ toh }Ke rpynnbi Tem- 
3eH6epra, hto erne 6ojibnie po^hht KBaHTOByio h KjiaccnnecKyio TeopHH. 

PaccMOTpHM neTbipexMepHyio ajire6py £ c 6a3HCOM 1, i. e h is. Mojkho onpe- 
^ejiHTb cjieflyiomee npeflCTaBjieHHe p eh rpynnbi reH3en6epra b npocTpaHCTBO <£- 
3HanHbix rjiaflKHx cpyHKinift [23,25]: 

(?) p £h (s,x,y) : f(q,p) (->■ 

HenocpeflCTBeHHO npoBepaeTca TOJKflecTBO 

Peh(s,x 7 y)p eh (s',x / ,y') = p eh ((s,x,y) * (s',x',y')) 

AJih rpynnoBoro yMHOJKeHHH (3) Ha H 1 . TaK KaK p eh He HBjiaeTCH yHiiTapiibiM 
npeflCTaBjieriHeM b KOMnjieKCHOM bcktophom npocTpaHCTBe, to oho ne no/niaflaeT 
no,!!, ^eficTBHe TeopeMbi CToyHa-cpOH HeiiMaHa. 06a npeflCTaBjieHna (5) h (7) hb- 
JI5HOTCH HeKOMMymamuenuMU h fleficTByiOT Ha cpyHKinisx 3aflaHHbix na cpa30BOM 
npocTpaHCTBe. Ba:aaioe OTjinnne Me*yry sthmh ppyMK npeflCTaBjieHHHMH TaKOBo: 

• npeflCTaBjiemie (5) HH/ryniipoBaHO (b CMbicjie MaKKH [4, § 13.4]) KOMruieKC- 
H03HauHUM xapaKTepoM p h (s, 0,0) = e 2mhs uenTpa rpynnbi H 1 . 

• IlpeflCTaBjieHHe (7) cxo^hhm o6pa30M HHflyniipoBaHO xapaKTepoM b dya/ib- 
hux nucjiax p eh (s, 0,0) = e ehs = 1 + £hs neHTpa H 1 . cp. [5]. (^yajibHbie 
nncjia o6pa3yiOT flByMepHyio KOMMyTaTHBHyio acconnaTHBHyio ajire6py c 
6a3HCOM {1, e}.) 

Cxo^ctbo npeflCTaBjienHH (5) h (7) 6ya;eT eme 6ojiee HarjiHflHbiM ecjin 3ann- 
caTb (7) b BH^e: 

(8) p h (s,x,y) : f(q,p) » e -**{et*+*9*+py)) f L _ ^ £y ^ p+ * £x ^ . 

3/i,ecb, fljia flH(p(pepeHn;iipyeMOii cpyHKinin k ^eiiCTBiiTejibHOH nepeMeHHOii t, Bbipa- 
jKeHne k(t+ea) noHHMaeTca KaK k(t)+eak'(t) npn npoH3BOjibHOH KOHCTaHTe a G C. 
^jih aHajiHTHnecKiix cpyHKi^HH fleiiCTBHTejibHOii nepeMeHHOii sto MO»ceT 6biTb o6oc- 
HOBaHO Hepe3 hx pa3jiojKeHHe b pa/i, Teftnopa [2; 3, § 1.2(10); 9]. Po^CTBeiiHbiii iic- 
tohhhk 3Toro BbipajKeHHH HaxoflHTCH TaKJKe b BapnaHTe HecTaHflapTHoro aHajiH3a 
Hcnojib3yioni,ero HfleMnoTeHTHyio eflHHHii;y e [8]. 
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HH(J)HHHTe3HMajibHbie nopojKflaiOHrHe pjin oflHOMepubix noflrpynn p eh (Q,x, 0) h 
p eh (0,0,y) b npeflCTaBjieHHH (7) cooTBeTCTBeHHO ecTt: 

dpfh = -27ri<7 - ^d p ii dp Y eh = -2-Kvp + ^d q . 
HenocpeflCTBenHO BMHiicjiHeTca hx KOMMyTaTop: 

(9) dp* h ■ dp Y eh - dpX h ■ dpf h = eh. 

3to TOJK/jecTBO noxo»ce Ha KOMMyTauHOHHbie cooTHOineHiie FeH3eH6epra (1): kom- 
MyTaTop OTjinneH ot Hyjia h nponopinroHajieH iioctohhhoh IIjiaHKa. E/niHCTBeHHoe 
pa3jiHHne 3aKjiiOHaeTCH b 3aMene mhhmoh e,n,HHHirM He mijibnoTeHTHyio. IlpHpo- 
,n,a SToro 3aMemeHHH nposBHTca KOiyja mm npoHHTerpiipyeM npe^CTaBjieHHe (7) c 
npeo6pa30BaHiieM Oypte H(x,y) raMHjibTOHHaHa H(q,p): 

f rh / dM d dM d 

(10) H= H(x, y) p eh (0, x, y)dxdy = H+-1—--—- 

J K 2„ 2 \dp dq dq dp 

Mh nojiynnjiH flH(p(pepeHiniajiBHi>ni onepaTop nepBoro nopa^Ka Ha <pa30BOM npo- 
CTpancTBe. TaKoii onepaTop nopojKflaeT flHHaMiiKy KjiaccHHecKoft Ha6jnoflaeMOii fc— 
rjiaflKofi Beni,ecTBeHHO-3HaHPiOH (pyHKEpm Ha <pa30BOM npocTpaHCTBe— nocpeflCTBOM 
ypaBHenHH cxo/nroro c ypaBHenneM ren3eH6epra (6): 

eh— =Hk- kH. 
dt 

IIoflCTaBjiHH (10) h Hcnojib3ya TOJKflecTBO e 2 = Mbi nojiynaeM: 

dk _ dH dk OH dk 
dt dp dq dq dp 

3to, ecTecTBenHO — ypaenenue FaMUAtmoHa b KjiaccHHecKoft MexaHHKe Hcnojib3y- 
romee CKo6Ky Uyaccona a b Y x (pyHKHHH H n k. KaK OTMeneHO b snnrpaepe, Jia- 
paK npe/HianojKHji, hto KOMMyTaTop flOjiJKen coomeemcmeoeamb CKo6Ke Hyacco- 
Ha. OflHaKO, mm o6Hapy>KHjiH, hto KOMMyTaTop b npeflCTaBjieHHH (7) e mouHocmu 
sieAsiemcK cko6koh IlyaccoHa. 

Otmctiim, hto h nocTOHHHaH IIjiaHKa, h HHjibnoTeHTHaa e,zi,HHHHa coKpamaiOTCH 
H3 OKOHnaTejibHoro ypaBHeHHH (11), ho pjin SToro npeo6pa30BaHHH 6bijio BajKtio, 
hto h ^ 0. TaKoe 3acTeHHHBoe HCHe3HOBeHne b caMbiii nocjieflHHit momght mojkct 
o6 r bHCHHTb, noneMy BejiHHHHbi hue o6mhho ocTaiOTCH He3aMeieHHBiMH b KjiaccH- 
HecKoit TeopHH. 



6. 3AKJIIOMEHHE 

B flaHHOfi pa6oTe mm nepecMaTpHBaeM MaTeMaTHnecioie ocHOBaHHH KBaHTOBOii h 
KjiaccinecKoii MexaHHKH, a Tax »ce pojib nmepKOMnjieKCHbix e^HHiin; i 2 = — 1 ii e 2 = 
b STiix Teopnax. fljis. Toro, hto 6m c/jejiaTb paccMOTpeHHe nojiHMM mm ^ojijkhm 
ynoMHHyTb TpeTbio jiorHHecKyio bo3mojkhoctb: rHnep6ojiHHecKyio e/niHinry j co 
cbohctbom j 2 = +1, cm. [5,20,21,24,25,27,28], o^HaKO ee o6cyjKfleHHe bmxoaht 3a 
paMKH flaHHOii CTaTbH. 

CflejiaHHbifi aHajiH3 npHBO/niT k cneflyiomHM 3aKjiiOHeHHHM: 

(1) HercoMMyTaTiiBHOCTb He o6a3aTejibHO BKjHonaTb b aKCHOMaTH3aHino KBaH- 
TOBOii TeopHH, OHa ecTecTBeHHO nojiynaeTCH KaK cjie/i,CTBHe flpyrnx 6a30- 
bmx npeflnocbijiOK. 

(2) HeKOMMyTaTHBHOCTb He sBjiaeTCH OTjiHHHTejibHofi nepToii KBaHTOBOii Teo- 
pHH ot KjiaccHHecKoft, cymecTByiOT HeKOMMyTaTHBHbie MO^ejiH KjiaccHne- 
CKOH MexanHKH. 
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(3) HeHyjieBaa iioctohhhclh IIjiaHKa BnojiHe coBMecTHMa c KjiaccHHecKoft Me- 
xaHHKOii. HeT HiiKaKoii Heo6xoflHMOCTii paccMaTpiiBaTt nanyKjiaccHHecKHH 
npc^eji h — > 0, b kotopom KOHcmanma ppiuKaa, cmpeMumcji k Hyjiio. 

(4) HeT HHKaKoii Heo6xofliiMOCTH paccMaTpuBaTb mhojkcctbo Ha6jno/i,aeMBrx 
KaK ajire6py, hto HecoBMecTHMO c 6a30BbiMH (pH3HnecKHM cmbicjiom Teo- 
Phh. KBaHTOBaHHe mojkho npopQBO/niTb no npone/rype Benjia, KOTopoe 
Tpe6yeT ot MHoacecTBa Ha6jiio [ i];aeMbrx c o/nroii (pH3HHecK0ii pa3MepHOCTbio 
Bcero jinnib CTpyKTypti BeKTopHoro npocTpaHCTBa. 

(5) Peinaiomyio pojit b nocTpoeHHii jho6oh KBaHTOBO-MexaHHHecKoii MO^ejiii 
nrpaeT KOMnjieKCHaa MHiMaa eflHHma, cm. (1) h (2). KjiaccHHecKaa Mexa- 
HHKa MOJKeT 6bitb nojiyneHa 3aMeHoii mhhmoh e^nminxbi Ha HHjibnoTCHTHyio 

E 2 = B KOMMyTaiHIOHHblX COOTHOineHHHX (9). 

3aMeTHM, hto HeKOMMyTaTHBHOCTb iirpajia Taxyio Baanryio pojit b nocTpoeHHsx 
jHnpaKa, noTOMy hto HeTpHBHajibUbiii KOMMyTaTop Tpe6oBajica, KaK 3aMeHa Kjiac- 
CHHecKofi cko6kc IlyaccoHa. Mbi noKa3ajiH, hto yMHOJKenne KjiaccHnecKHx Ha6jiio- 
/iaeMbix tojkc MO»ceT 6biTb HeKOMMyTaTHBHbiM h b stom cnynae KOMMyTaTop b 
tohhocth coBna^aeT co cko6koh IlyaccoHa. TaKiiM o6pa30M, BO,n;opa3fleji MejK/ry 

,H,ByMH TeOpilHMH He npOXOflHT nO JIHHHH KOMMyTaTHBHO I HeKOMMyTaTHBHO. 

Bo3mojkho, ^npaK Bce-TaKH npaB npeflnojiaraa, hto ecTb Bcero jiiinib opjio pp- 
nymeHiie, KOTopoe OT/iejifleT KBaHTOByio Teopnio ot KjiaccHHecKoft, cm. ero nepByro 
niiTaTy b Hanajie CTaTbH. Mbi mojkcm pa3flejiHTb ero b TaKofi (popMe: 

KBaHTOBaa MexaHHKa HacTHHbi ocHOBaHa Ha Hcnojib30BaHHH mhh- 
moh e/niHHHbi fljia: HH/ryuHpoBaHiiH npeflCTaBjieHHH rpynnbi reii3eH- 
6epra c ee nenTpa. Ilpn 3aMene mhhmoh e,a,HHHHbi Ha HHjibnoTeHT- 
Hyio nojiynaeM KjiaccHnecKyio MexanHKy, npnneM Bee ocTajibHbie 
KOMnoHCHTbi TeopHH (HeKOMMyTaTHBHOCTb, HeHyjieBaa nOCTOflHHaH 
IIjiaHKa, flHHaMHnecKoe ypaBHeHiie ocnoBaHHoe Ha KOMMyTaTope) 

OCTaiOTCH HeH3MeHHbIM. 
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